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A deformation quantization on a symplectic manifold with Lie
group action $G$ , which called G-equivariant star product, is studied.
The main tool is quantum momentum mapping, which is quantum
version of momentum mapping for studying classical Hamiltonian
mechanics. We will give a talk on a method for the classification
of G-invariant star products on regular coadjoint orbits of compact
semisimple Lie groups by using the quantum momentum mappings.
1 Introduction
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22.1 $*$
$(M$, { , } $)$ Poisson , $C^{\infty}(M)$ $M$
. $C^{\infty}(M)[[\lambda||$ $C^{\infty}(M)$ , $\lambda$
.
$*$- . $C^{\infty}(M)[[\lambda]]$ $*$
:
$u*v=uv+ \sum_{n=1}^{\infty}(\frac{\lambda}{2})^{n}C_{n}(u, v)$ , for $\bm{r}yu,v\in C^{\infty}(M)$ ,
$C_{k}$ $0$ , $\lambda$ 1
$C_{1}(u,v)-C_{1}(v, u)=2\{u, v\}$ .
Lie $G$ $M$ Poisson , $*$ $G$-
$u,v\in C^{\infty}(M)[[\lambda||$ $g\in G$ , $g(u*v)=gu*gv$
. $gu(x)=u(g-1x),x\in M$ .
$*$- [5, 18, 71,
. $G$- * $[22, 8]$
, $M$ $G$-
. $G$ , $G$- $*$-
.
$C^{\infty}(M)[[\lambda]]$ 2 $*$- $*1$ *2 $M$
$T=Id+ \sum_{n=1}^{\infty}\lambda^{n}T_{n}$ ,
$u*2v=T(T^{-1}u*1T^{-1}v)$ .
$T$ $*\iota$ $*2$ ( ) .
, $*1$ *2 $G$- *- $T$ $G$- $*1$ *2
$G$- $[4, 3]$ .
2.2 Gutt $*-n$
$\mathfrak{g}$ Lie , $\mathfrak{g}^{4}$ , $\mathfrak{U}(\mathfrak{g})$ $\mathfrak{g}$ . Pol(g’) $\mathfrak{g}^{2}$
. $g[[\lambda]]$ $\mathfrak{g}$ $\lambda$
, Lie $[, ]_{\lambda}$ $[\xi,\eta]_{\lambda}=\lambda[\xi,\eta]\xi,\eta\in \mathfrak{g}$ ,
Lie $g_{\lambda}$ . $[, ]$ $\mathfrak{g}$ .
C\infty Kirillov-Poisson II
. $C^{\infty}(\mathfrak{g}^{*})$ Poisson : $u,v\in C^{\infty}(\mathfrak{g}^{r})$ $\Pi$ $\Pi(u,v)(\mu)=$
54
$\langle[du(\mu), dv(\mu)], \mu\rangle$ , . $du(\mu)$ $\mathfrak{g}=(\mathfrak{g}^{*})^{*}$
$\mathfrak{g}^{*}$ l-form .
$\mathfrak{g}^{C}$ $*$- Gutt [11]. $*$- ( $Gutt*$-
) $\mathfrak{U}(\mathfrak{g}_{\lambda})$ $C^{\infty}(g^{*})[[\lambda]]$
. Po1 $(\mathfrak{g}^{t})[[\lambda]]$ $\mathfrak{S}(\mathfrak{g}_{\lambda})$
$s:\mathfrak{S}(\mathfrak{g}_{\lambda})arrow \mathfrak{U}(\mathfrak{g}_{\lambda})$ : $\mathfrak{g}^{*}$ $u,$ $v$
, $*^{G}$
$u*^{G}v=s^{-1}(s(u)\cdot s(v))$ , (1)
. $\mathfrak{U}(\mathfrak{g}_{\lambda})$ .
(1) Po1 $(\mathfrak{g}^{*})$ ,
, $C^{\infty}(g^{r})[[\lambda]]$ ,
$Gutt*$- .
(1) , $*^{G}$ g- :
$\xi*^{G}\eta-\eta*^{G}\xi=2\lambda\Pi(\xi,\eta)$ for $\xi,\eta\in Lin(\mathfrak{g}^{*})$ ,
$Ad\sim G$)- :
$g(u*^{G}v)=(gu)*^{G}(gv)$ for $u,$ $v\in C^{\infty}(g^{*})[[\lambda]],$ $g\in G$ .
Gutt*- .
2.1 ([6]). $(\mathfrak{g}^{s}, \Pi)$ $g$ - Weyl * $Guu*$- .
$g$ - $*$ - $Gutt*$- .
3
3.1
$(M,\omega)$ $G$- , $*$ $G$- $*$- .
$*$- $[a, b]_{*}=a*b-b*a$ .
3.1 ([22]).
$\Phi_{*}:$ $u(\mathfrak{g}_{\lambda})arrow C^{\infty}(M)[[\lambda]]$ , (2)
$[\Phi_{*}(\xi), u]_{*}=\lambda\xi u$ , (3)




$\Phi_{*}([\xi, \eta]_{\lambda})=[\Phi_{*}(\xi), \Phi_{*}(\eta)]_{*}$ for any $\xi,$ $\eta\in g$ . (4)
.
.
3.1 ([22]). $IP_{dR}(M)$ $M$ de Rham , If $(\mathfrak{g}, \mathbb{R})$
$\mathbb{R}$ Lie $\mathfrak{g}$ . $H_{dR}^{1}(M)=0$
$IP(g, \mathbb{R})=0$ .
3.2 ([22]). $H^{1}(\mathfrak{g}, \mathbb{R})$ .
.
3.1 ([22]). $\Phi_{*}$ : Pol$(\mathfrak{g}^{t}[[\lambda]])arrow C^{\infty}(M)[[\lambda]]$
. $M$ $J:Marrow g^{*}$
$\Phi_{*}(u)=\Phi_{0}(u)+O(\lambda)$ , for any $u\in Pol(\mathfrak{g}^{*})$ ,
. $\Phi_{0}$ : Pol$(\mathfrak{g}^{t})arrow C^{\infty}(M)$ $J$ .
$\Phi_{*}$ $G$-
3.2. $*$ $G$ $*$ - , $\Phi_{*}$ $*$ .
$*’$ $T$ $*$ G- G- * , $T\Phi_{*}$
$*’$ .
Pfvof. $T\Phi_{*}$ (Po1 $(\mathfrak{g}^{r})[[\lambda]],$ $*^{G}$ ) $(C^{\infty}(M)[[\lambda]], *’)$
, $[T\Phi_{*}(X), f]_{t’}=\lambda Xf$ :
[$T\Phi_{*}(\xi)$ , ]*’ $=T[\Phi_{*}(\xi), T^{-1}f]_{*}=T(\lambda\xi T^{-1}f)=\lambda\xi f$.
$H^{1}(\mathfrak{g},\mathbb{R})$
, .
3.1. $**’$ $G$ - *\check . $\Phi_{r},$ $\Phi_{n’}$ .







, $C^{\infty}(M)$ Poisson Lie , $\Phi_{0}$
$\Phi_{0}$ : $\mathfrak{g}arrow C^{\infty}(M)$ Lie
, $J$ : $Marrow \mathfrak{g}^{*}$ $\langle J(m),\xi\rangle=\Phi_{0}(\xi)(m)$




























$\{X_{l}\}$ , $\xi=\alpha^{l}X_{l\prime}\{\alpha^{l}\}\in \mathbb{C}^{n}[[\lambda]]$ $\exp_{*}(\Phi_{*}(\alpha^{l}X_{t}))$
$e^{\alpha_{0}^{\iota}\Phi_{0}(X_{l})}$
$C^{\infty}(M)[[\lambda]]$ $\alpha^{l}$ .
3.2. $\xi,$ $\eta\in \mathfrak{g}_{\lambda}$ ,
$\exp_{*}(\Phi_{*}(\xi))*\exp_{*}(\Phi_{*}(\eta))=\exp_{*}(\Phi_{*}(CH_{\lambda}(\xi,\eta)))$ . (6)
$CH_{\lambda}$ .
$J=(j_{1},j_{2}, \cdots j_{n})$ ,
$D_{\alpha}^{J}=(-i \frac{\partial}{\partial\alpha^{1}})^{J\iota}\cdots(-i\frac{\partial}{\partial\alpha^{n}})^{j_{n}}$ .
.




$\Phi_{*}$ $\exp_{*}(\Phi_{*}(X))$ . , $\exp_{*}(\Phi_{*}(X))$
.
[16] . Os- $\int$ .
3.2. $\{X_{l}\}$ $g$ , $\{X^{l}\}$ . $\mathcal{A}^{0}$
$C^{\infty}(\mathfrak{g}^{t})$ . , $A^{0}$ $C^{\infty}(M)[[\lambda]]$
-\Phi r .
$\overline{\Phi}_{*}(u)=Os-\int u(\mu X)e^{-i\nu\mu}\exp_{*}(\Phi_{*}(i\nu X))d\mu d\nu$ , $u\in A^{0}$ , (8)
$\mu X=\mu\iota X^{l}$ . $\nu X=\nu^{l}X_{l}$ .
$u(\mu X)\exp_{*}(\Phi_{*}(i\nu X))\in \mathcal{A}$ .
3.4. $\Phi$. $\Phi_{*}$ . .
Prvof. $X^{J}$ $g^{r}$ ,
$\overline{\Phi}_{*}(X^{J})=Os-\int\beta^{J}e^{-i\alpha\beta}\exp_{*}(\Phi_{*}(i\alpha X))d\alpha d\beta$




$\exp_{*}(\Phi_{*}(X))$ $e^{X}$ $\Phi_{*}$ .
33. $P^{k}=p_{j}^{k}\lambda^{j}\in \mathbb{C}[[\lambda]]$ $p_{0}^{k}\in i\mathbb{R}$ .
$e^{pX}=e^{p^{k}X_{k}}\in \mathcal{A}$ $\Phi_{*}(e^{pX})=\exp_{*}(\Phi_{*}(pX))$ .
Proof. $pX=iaX+rX$ , $a^{k}\in \mathbb{R},$ $r\in\lambda \mathbb{C}[[\lambda]]$
, $e^{pX}\in A$ . $\Phi_{*}$ ,
$\Phi_{*}(e^{px})=Os-\int e^{p\mu}e^{-i\mu\nu}\exp_{*}(\Phi_{*}(i\nu X))d\mu d\nu$
$= Os-\int e^{:a\mu}e^{r\mu}e^{-i\mu\nu}\exp_{*}(\Phi.(i\nu X))d\mu d\nu$
$= Os-\int e^{t(a-\nu)\mu}(e^{rD_{\nu}}\exp_{*}(\Phi.(i\nu X)))d\mu d\nu$
$= Os-\int e^{:(a-\nu)\mu}\exp_{*}(\Phi_{*}(i(\nu-ir)X))d\mu d\nu$
$=\exp_{*}(\Phi_{*}(i(a-ir)X))=\exp_{*}(\Phi_{*}(pX))$ .
33 32 , $\Phi_{*}(e^{i\xi})*\Phi_{*}(e^{i\eta})=\Phi_{*}(e^{i\xi_{*}G}e^{1\eta})$ .
.
3.3 ([14]). $\Phi_{*}$ . $*$
Fedosov $*$ - , $S_{I,j}\in C^{\infty}(M),$ $I=(i_{1}, \ldots , i_{n}),$ $j=0,1,$ $\ldots$
$\Phi_{*}(u)=\sum_{j=0}^{\infty}\lambda^{j}\sum_{0\leq|I|\leq 2j}S_{I,j}\Phi_{0}(D_{\mu}^{I}u)$, for any $u(\mu)\in C^{\infty}(g^{*})$ . (9)
.
Frvof $*$ Fedosov . 5 , $\exp_{*}(\Phi_{*}(i\alpha^{l}X_{t}))$
$e^{:\alpha^{l}\Phi_{O}(X_{l})} \sum_{j=0}^{\infty}\lambda^{j}\sum_{0<|I|\leq 2j}S_{I,j}\alpha^{I}$ ,
. $S_{I,j}\in C^{\infty}(M)$ $\Phi_{*}(X_{*})$ $*$ Weyl $D$
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. $\Phi_{*}$
$\Phi_{*}(u)=$ Os- $\int u(\mu)e^{-i\mu_{l}\nu^{l}}\exp_{*}(\Phi_{*}(i\nu^{l}X_{l}))d\mu d\nu$
$= \sum_{j=0}^{\infty}\lambda^{j}\sum_{0<|I|\leq 2j}Os-\int u(\mu)e^{-t\mu_{l}\nu^{l}}e^{i\nu^{l}\Phi_{0}(X_{l})}S_{I,j}\nu^{I}d\mu d\nu$
$= \sum_{j=0}^{\infty}\lambda^{j}\sum_{0<|I|\leq 2j}$ Os- $\int u(\mu)e^{-i\nu^{l}(\mu\iota-\Phi_{0}(X\iota))}S_{I,j}\nu^{I}d\mu d\nu$
$= \sum\lambda^{j}\infty$
$\sum$ $os-\int S_{I,j}(D_{\mu}^{I}u)(\mu)e^{-t\nu^{l}(\mu\iota-\Phi_{0}(X_{l}))}d\mu d\nu$
$j=0$ $0<|I|\leq 2j$
$= \sum_{j=0}^{\infty}\lambda^{j}\sum_{0<|I|\leq 2j}S_{I,j}\Phi_{0}(D_{\mu}^{I}u)$ .




3.4. $C^{\infty}(\mathfrak{g}^{s})[[\lambda]]$ $C^{\infty}(M)[[\lambda]]$ $\mathfrak{g}$ -
.
$P\mathfrak{w}of$. : $u\in C^{\infty}(\mathfrak{g}^{*})$
$\xi\in \mathfrak{g}$ .
$\ovalbox{\tt\small REJECT}(\lambda\xi u)=\Phi_{*}([\xi, u]_{*}G)=[\Phi_{*}(\xi), \Phi_{*}(u)]_{*}=\lambda\xi\Phi_{*}(u)$ .
3.5. $f\in C^{\infty}(M)[[\lambda]]$ $\Phi_{*}(u),u\in C^{\infty}(\mathfrak{g}^{*})$ $f$
$G$ .
Pmo . t\yen . $\square$
3.6. $\Phi$. $\Phi_{0}$ .
Pwo $\Phi_{0}$ . $u= \sum u_{i}\lambda^{i}\in C^{\infty}(g^{r})[[\lambda]]$ $\varphi\in C^{\infty}(M)$
, $\Phi_{*}(u)=\varphi$
$\Phi_{0}(u_{0})=\varphi$ , (10)




3.5. $\varphi\in C^{\infty}(M)$ , $u\in C^{\infty}(g^{*})[[\lambda]]$ $\Phi_{*}(u)=\varphi$
, $u$ $\varphi$ , $J(q)$ , $u$
$\varphi$ $q\in M$ . $J:Marrow \mathfrak{g}^{*}$ $\Phi_{0}$ ,
$(J_{0}(u))(q)=u(J(q))$ .
Proof. (10) $u_{0}(J(q))$ $\varphi(q)$ . $\Phi_{*}$
, $u0,$ $\ldots,$ $u_{k-1}$ $\varphi$
(11) $\varphi$ , $u_{k}$ .
3.4 $G$- $G$- $*$-
$M$ $G$- , $*$ $M$ $G$- $*$-
.
$*$ $\Phi_{*}$
. ( , $G$ ).
3 $C^{\infty}(\mathfrak{g}^{t})[[\lambda]]$ , , $Gutt*$- $C^{\infty}(\mathfrak{g}^{*})$
. $Gutt*$- , 3 $G$- $C^{\infty}(\mathfrak{g})$
.
$l\in 3$ , $[\Phi.(l), \Phi_{*}(C^{\infty}(g^{*}))]_{*}=\Phi.([l, C^{\infty}(g^{*})]_{*}c)=$
$0$ , , 35 $\Phi_{*}(l)$ $M$ G\rightarrow .
$M$ , $\Phi_{*}(l)$ ,
.
3.3. $M$ $G$ - , $*$ $G$ $*$ -
, $\Phi_{*}$ .
3 $\mathbb{C}[[\lambda]]$ $c_{*}$ , $l\in 3$ $c_{*}(l)\cong$
$\Phi_{*}(l)$ .
$c_{*}$ .
3.7. ker $\Phi_{*}=ker\Phi.$ , $c$. $=c.’$ .
Prvof. $l\in 3$ $l-c_{*}(l)$ $C^{\infty}(g^{r})[[\lambda]]$
ker $\Phi_{*}$ . ker $\Phi_{*}=ker\Phi_{*}$ , ,
$\Phi_{*}’(l-c_{*}(l))=0$ . $c_{*}’(l)=c_{l}(l)$ .
3.2. $*’$ $*$ $G$ - $c_{*}=c_{*}’$ .
$c_{*}$ $*$- $G$- ,
.
,





$G$ Lie , $O\subset \mathfrak{g}^{*}$ $G$- . $O$
$\mathfrak{g}^{*}$ Kirillov-Poisson structure $\Pi$
. $G$ $O$ G-
$*$- , $G$ , $G$- $*$- ,
$\Phi_{*}$ .
4.1 $O$ $G$- $*$-
$\lambda$ $\Phi_{*}=\Phi_{0}+\Phi_{1}\lambda^{1}+\cdots$ $\lambda$ $0$
$\Phi_{0}$ . $O$
$\Phi_{0}$ $\mathcal{O}$ $g^{t}$ , $\Phi 0$




$C^{\infty}(g^{*})[[\lambda]]/ker\Phi_{*}\cong C^{\infty}(O)[[\lambda]]$ . (12)
.
4.1 , $*$ $*’$ $\Phi_{*}$ $\Phi_{*}’$ ker $\Phi_{*}=$
ker $\Phi_{s’}$ $(C^{\infty}(O)[[\lambda]], *)$ $(C^{\infty}(O)[[\lambda]], *’)$
$C^{\infty}(\mathfrak{g}^{*})[[\lambda]]/ker\Phi_{*}(=ker\Phi_{*}’)$ $G$- .
$\varphi\in C^{\infty}(O)$ , 35 $u\in C^{\infty}(g^{*})[[\lambda]]$ $\Phi_{*}(u)=\varphi$
, $\Phi_{*}’(u)$ $*$ $*’$
.
4.1. ker $\Phi_{*}=ker\Phi_{r’}$ , $*$ $*’$ $G$ -
.
ker $\Phi$. $=ker\Phi_{*}$, $c_{*}=c_{r’}$ .
$g^{*}$ .
4.2. $G$- $P*$ : $\mathfrak{g}^{*}arrow \mathbb{R},$ $1\leq i\leq r$ $O$
{$\xi\in g^{*}$ : $p_{i}(\xi)=$ }, ( $\{c_{i}\}$ $\{p_{i}\}$ )
, ker $\Phi_{*}$ $\{p:-c_{l}(p:);1\leq i\leq r\}$
$C^{\infty}(\mathfrak{g}^{*})[[\lambda]]$ .
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Pmof. $=fo+fi^{\lambda}+\cdots\in ker\Phi_{*}$ , $fo\in ker\Phi_{0}$ , , $f_{0}$ $\mathcal{O}$
$0$ . $9:\in C^{\infty}(\mathfrak{g}^{*})$
$f_{0}= \sum_{i=1}^{r}g_{i}(p_{i}-q)$ . (13)
.
$f^{(0)}= \sum_{i=1}^{r}g_{i}*^{G}(p_{i}-c_{*}(p_{i}))$ , (14)
, $f^{(0)}\in$ ker $\Phi_{*}$ $\text{ _{}0}^{(0)}=f_{0}$ . $($ $-$
$\text{ ^{}(0)})/\lambda$ , $f^{(k)}$
$f= \sum_{k=0}^{\infty}f^{(k)}\lambda^{k}$ . (15)
. $f^{(k)}$ (14) .
$\mathfrak{g}$
$\mathfrak{g}^{\wedge}$ $G$- $I\subset Po1(g^{*})$
Chevalley $r=r\bm{t}k(\mathfrak{g})$ $G$-
($=Casimir$ )Pl, . . . , $p_{r}$ $I=\mathbb{C}[p_{1}, \ldots,p_{r}]$ ,
$O$ $\{c_{j}\}$ { $\xi\in g^{2}$ ; $p_{1}(\xi)=$
$c_{1},$ $\ldots,p_{r}(\xi)=c_{r}$ } [15][20].
$\{p_{j}\}$ 42 37
.
4.3. $**’$ $G$- $*$ - , $\Phi_{*},$ $\Phi_{t’}$
. $c_{*}=c_{*}$’ ker $\Phi_{*}=ker\Phi_{*}$ , . $\{p_{j}\}$
Chevalley
ker $\Phi_{*}=\langle p_{j}-\Phi_{*}(p_{j})\rangle$ ,
. $\langle p_{j}-\Phi_{*}(p_{j})\rangle$ $p_{j}-\Phi_{*}(p_{j})$ $C^{\infty}(\mathfrak{g}^{\iota})[[\lambda]]$
.
4.1. $O$ $G$ $*$ - $*$ . $c_{s,j}\in \mathbb{C}[[\lambda]],j=$
$1,2,$ $\ldots,$ $r$
$(C^{\infty}(\mathcal{O})[[\lambda]], *)\simeq C^{\infty}(\mathfrak{g}^{*})[[\lambda]]/\langle p_{i^{-C}\cdot,j}\rangle$ .
. $G$- .
$Pmo$ . $\Phi_{*}$ $*$ , $C_{l},j=\Phi_{*}(Pj)$ 41
43 .
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Remark: $c_{*}\in \mathbb{C}[[\lambda]]$ Casimir $\Phi_{*}$
, $C^{\infty}(\mathfrak{g}^{*})[[\lambda]]$ $\langle p_{i}-c_{*,j}\rangle$
, $\mathcal{A}_{c}$ . $=C^{\infty}(g^{*})[[\lambda]]/\langle p_{i}-c_{*,j}\rangle$ .
$\lambda$ $0$ , $C^{\infty}(g^{*})/(p_{i}-c_{j}\rangle$ $\cong C^{\infty}(\mathcal{O})$
, $\mathcal{A}_{c}$. $O$ $*$- , [10]
. $c_{*}$ , $*$
. $O$ $\{c_{j}\}$ $c_{*,j}=c_{j}$
, $\mathcal{A}_{c_{*}}$ .




$O$ SO(3) . $O$ so(3) 2 ,
Casimir $p(x, y, z)=x^{2}+y^{2}+z^{2}$ , $r>0$
$O=\{(x, y, z)\in g^{*}; p(x, y, z)=r^{2}\}$ .
.
$*$ $SO(3)$- $O$ $*$- . $P$ 42
, ker $\Phi_{*}$ $c.(p)$
$(C^{\infty}(O)[[\lambda]], *)\cong(C^{\infty}(\mathfrak{g}^{*})[[\lambda]], *^{G})/\langle p-c_{*}(p)\rangle$. (16)
, $O$ $G$- $*$- (16) , $c_{*}(p)$
.
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